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COMPACT QUASI-EINSTEIN MANIFOLDS WITH BOUNDARY
RAFAEL DIO´GENES AND TIAGO GADELHA
Abstract. The goal of this article is to study compact quasi-Einstein manifolds with
boundary. We provide boundary estimates for compact quasi-Einstein manifolds similar
to previous results obtained for static and V -static spaces. In addition, we show that
compact quasi-Einstein manifolds with connected boundary and satisfying a suitable
pinching condition must be isometric, up to scaling, to the standard hemisphere Sn
+
.
1. Introduction
A classical topic in Riemannian Geometry is to built explicit examples of Einstein mani-
folds. Einstein manifolds are not only interesting in themselves but are also related to many
important topics of Riemannian geometry. As discussed by Besse [10, pg. 265], one promi-
sing way to construct Einstein metrics is by imposing symmetry, such as by considering
warped products. In this context, m-quasi-Einstein manifolds play a crucial role.
According to [12], a complete Riemannian manifold (Mn, g), n ≥ 2, will be called m-
quasi-Einstein manifold, or simply quasi-Einstein manifold, if there exists a smooth potential
function f on Mn satisfying the following fundamental equation
(1.1) Ricmf = Ric+∇2f −
1
m
df ⊗ df = λg,
for some constants λ and m 6= 0, where ∇2f stands for the Hessian of f. It is also important
to recall that, on a quasi-Einstein manifold, there is a constant µ such that
(1.2) ∆ff = mλ−mµe 2mf ,
where ∆f = ∆− 〈∇f, · 〉 is the f -Laplacian. For more details, we refer the reader to [17].
The m-Bakry-Emery Ricci tensor Ricmf plays a crucial role in the study of Einstein
warped products. For instance, when m is a positive integer, an m-quasi-Einstein manifold
corresponds to a base of Einstein warped products; for more details see Corollary 9.107 in
[10, pg. 267] (see also Theorem 1 in [5]). Another interesting motivation comes from the
study of diffusion operators by Bakry and E´mery. When m = 1 we consider in addition that
∆u = −λu and in this case, such metrics are commonly called static spaces. Static spaces
have been studied extensively for their connections to scalar curvature, the positive mass
theorem, and general relativity (see [2]). In other words, m-quasi-Einstein manifolds can
be seen as a generalization of static spaces. Furthermore, ∞-quasi-Einstein manifold is a
gradient Ricci soliton, i.e, self-similar solutions of the Ricci flow. There is a vast literature on
quasi-Einstein manifolds, we refer to the reader, for instance [5, 7, 10, 12, 13, 15, 21, 22, 25].
Assuming that m <∞, we may set a function u = e− fm on Mn. Hence, we immediately
get
(1.3) ∇u = − u
m
∇f
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as well as
(1.4) Hessf − 1
m
df ⊗ df = −m
u
Hess u.
In this situation, we follow the approach used by He, Petersen and Wylie [15] in order to
study quasi-Einstein metrics on compact manifolds with boundary. To fix notation, we
consider the following definition (see [15]).
Definition 1. A complete Riemannian manifold (Mn, g), n ≥ 2, (possibly with boundary)
will be called m-quasi-Einstein manifold, or simply quasi-Einstein manifold, if there exists
a smooth potential function u on Mn satisfying the following fundamental equation
(1.5) ∇2u = u
m
(Ric− λg),
for some constants λ and m. Moreover, u > 0 in int(M) and u = 0 on ∂M . Here, ∇2u
and Ric stand for the Hessian of u and the Ricci curvature of Mn, respectively.
In [15] and [16], He, Petersen and Wylie studied compact quasi-Einstein manifold with no
empty boundary. They obtained a classification result for quasi-Einstein manifolds which
are also Einstein manifold. Moreover, they provided some nontrivial examples, including
the Generalized Schwarzschild metric with λ = 0 (see [15]). Moreover, they studied m-
quasi-Einstein manifolds with constant scalar curvature (see [16]). In this article, we focus
in nontrivial compact m-quasi-Einstein manifolds with boundary. Hence, by Theorem 4.1
of [15], they have necessarily λ > 0. Moreover, by Remark 5.1 of [15] the scalar curvature
is positive more precisely R ≥ n(n−1)
m+n−1λ. Among the examples obtained in [16, Proposition
2.4], it is very important to highlight an example built on the stardard hemisphere.
Example 1. Let Sn+ be a standard hemisphere with metric g = dr
2+sin2 rgSn−1 and potential
function u(r) = cos r, where r is a height function and r ≤ pi2 . We consider m to be an
arbitrary (but finite) constant and λ = m+n− 1. Thus, Sn+ is a compact, oriented m-quasi-
Einstein manifold with boundary Sn−1. Indeed, it is easy to check that u = cos pi2 = 0 on the
boundary and u > 0 on interior of Sn+. Moreover, since ∇2r = sin r cos rgSn−1 (see Chapter
3, Section 2 of [19]) we obtain ∇u = − sin r∇r and
∇2u = − sin r∇2r − cos rdr ⊗ dr
= − sin2 r cos rgSn−1 − cos rdr2
= − cos r (dr2 + sin2 rgSn−1)
= −ug.
On the other hand, we already know that Ric = (n− 1)g and therefore, we obtain
u
m
(Ric− λg) = u
m
((n− 1)g − (m+ n− 1)g)
= −ug,
so that
∇2u = u
m
(Ric− λg),
as asserted.
In the sequel, we present an example of compact m-quasi-Einstein manifold with discon-
nected boundary.
Example 2. Let λ > 0 be a real constant andM = [0,
√
m√
λ
pi]×Sn−1 be a product Riemannian
with metric g = dt2 + n−2
λ
gSn−1 and potential function u(r) = sin
( √
λ√
m
t
)
. Thus, M is a
compact, oriented m-quasi-Einstein manifold with disconnected boundary (the boundary is
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the union of two copies of Sn−1). To prove this, it suffices to notice that u > 0 on int(M)
and taking into account that
∂M = {0} × Sn−1 ∪
{√
m√
λ
pi
}
× Sn−1 = ∂M1 ∪ ∂M2,
we have u = sin(0) = 0 on ∂M1 and u = sin(pi) = 0 on ∂M2. Therefore, u = 0 on ∂M.
Moreover, since ∇2t = 0 (see Chapter 3, Section 2 of [19]) we get
∇u =
√
λ√
m
cos
( √
λ√
m
t
)
∇t
and
∇2u =
√
λ√
m
cos
( √
λ√
m
t
)
∇2t− λ
m
sin
( √
λ√
m
t
)
dt2
= − λ
m
udt2.
Next, recalling that Ric = (n− 2)gSn−1 we obtain
u
m
(Ric− λg) = u
m
(
(n− 2)gSn−1 − λdt2 − (n− 2)gSn−1
)
= − λ
m
udt2.
So, it follows that
∇2u = u
m
(Ric− λg),
as we wanted to prove.
It should be remarked that if a compact nontrivial m-quasi-Einstein manifold with no
empty boundary has constant scalar curvature, then R ≤ λn. Indeed, taking the trace in
(1.5) we deduce m∆u = u(R − λn). Hence, if R > λn, then ∆u > 0. But, by using the
Maximum Principle we conclude that u have the maximum on the boundary and therefore,
u is identically zero, which leads to a contradiction. Note that in Example 1 we have
R = n(n− 1) and λ = m+ n− 1, thus R−nλ = −mn. In Example 2 we have R = (n− 1)λ
and R− nλ = −λ, for any λ > 0.
It is natural to ask whether Example 1 is the only simply connected and compact m-
quasi-Einstein manifold with one connected boundary component. This question can be
investigate by several ways. In this paper we will treat this problem. Before to state our main
results, let us provide a historical motivation comes from the study of static and V -static
spaces. A result by Shen [23] and Boucher-Gibbons-Horowitz [11] asserts that the boundary
∂M of a compact 3-dimensional oriented static manifold with connected boundary and scalar
curvature 6 must be a 2-sphere whose area satisfies |∂M | ≤ 4pi. Moreover, the equality holds
if and only if M3 is equivalent to the standard hemisphere. Batista, Dio´genes, Ranieri and
Ribeiro [9] showed the boundary of a 3-dimensional compact, oriented critical metric of the
volume functional with connected boundary ∂M and nonnegative scalar curvature, must be
a 2-sphere and its area satisfies |∂M | ≤ 4pi
C(R) , where C(R) is a positive constant. Moreover,
the equality holds if and only if (M3, g) is isometric to a geodesic ball in a simply connected
space form R3 or S3. In the same spirit, Barros and Silva [8] proved that a compact, oriented
static triple with connected boundary ∂M and constant positive normalized scalar curvature
R = n(n− 1), then |∂M | ≤ ωn−1, where ωn−1 is the volume of unitary sphere of dimension
n−1.Moreover, the equality is attained only for a round hemisphere Sn+. This result provides
a partial answer to the cosmic no-hair conjecture formulated by Boucher et al. [11]. Similar
boundary estimates were obtained recently by Coutinho et al. [14] for static perfect fluid
space-time of arbitrary dimension.
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Based on the above result, Example 1 and taking into account that m-quasi-Einstein
manifolds can be seen as a generalization of static spaces (i.e., m = 1), in this article,
mainly inspired on ideas developed in [1, 9, 8, 14], we will investigate boundary estimate
for compact m-quasi-Einstein manifolds with connected boundary. In this sense, we have
established the following.
Theorem 1. Let
(
Mn, g, u, λ
)
, n ≥ 4, be a compact, oriented m-quasi-Einstein manifold
with connected boundary. Suppose that Ric∂M ≥ R
∂M
n− 1g∂M with inf∂M R
∂M > 0 and that
the scalar curvature of Mn satisfies R ≤ nλ. Then it holds
|∂M | ≤ ωn−1
(
n(n− 1)
Rmin
)n−1
2
.
Moreover, the equality holds if and only if (Mn, g) is isometric, up to scaling, to the hemi-
sphere (Sn+, g) given by Example 1.
It should be emphasized that Theorem 1 can be seen as a generalization of Theorem 4
in [8] for static spaces, i.e., 1-quasi-Einstein manfold. Next, in the 3-dimensional case, we
have the following result.
Theorem 2. Let
(
M3, g, u, λ
)
be a 3-dimensional compact, oriented m-quasi-Einstein
manifold with connected boundary. Suppose that the scalar curvature of M3 satisfies R ≤ 3λ.
Then, it holds
|∂M | ≤ 24pi
Rmin
.
Moreover, the equality holds if and only if (M3, g) is isometric, up to scaling, to the hemi-
sphere (S3+, g) given by Example 1.
Notice that Theorem 2 implies that the area of the boundary of Example 1 is the maxi-
mum possible among all compact m-quasi-Einstein manifold with connected boundary and
satisfying R ≤ 3λ.
Similar to results obtained by Batista et al. [9], in the second part of this article, we
will provide a Bo¨chner type formula for m-quasi-Einstein manifolds. To be precise, Batista,
Dio´genes, Ranieri and Ribeiro [9], mainly motivated by [1], obtained a Bo¨chner type formula
for critical metrics of the volume functional. Moreover, they used such a formula to obtain
rigidity results for such critical metrics. In [3], Baltazar and Ribeiro extended this result
for higher dimension and moreover, they provided rigidity results for V−static spaces in a
more general setting. Recently, Coutinho, Dio´genes, Leandro and Ribeiro [14] determined
a Bo¨cher type formula for Riemannian manifolds that satisfies the condition fR˚ic = ∇˚2f,
which includes a large class of spaces.
In the sequel, we going to provide a Bo¨chner type formula form-quasi-Einstein manifolds.
Theorem 3. Let
(
Mn, g, u, λ
)
be a m-quasi-Einstein manifold. Then we have
1
2
div
(
u∇|R˚ic|2) = u|∇R˚ic|2 + m(n− 2)u
m+ n− 2 |C|
2 + u〈∇2R, R˚ic〉+ m+ 2n− 2
n− 1 R˚ic(∇u,∇R)
+
m− 1
2
〈∇|R˚ic|2,∇u〉+ 2Ru
n− 1 |R˚ic|
2 +
2nu
n− 2trace(R˚ic
3
)
−2uWikjpR˚ijR˚kp − m
2(n− 2)
m+ n− 2CijkWijkl∇lu,
where trace(R˚ic
3
) = R˚ijR˚jkR˚ki and R˚ic = Ric− Rn g.
We recall that a Riemannian manifold (Mn, g) has zero radialWeyl curvature ifW (·, ·, ·,∇u) =
0. Thus, as a consequence of Theorem 3 we obtain the following corollary.
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Corollary 1. Let
(
Mn, g, u, λ
)
, n ≥ 4, be a compact m-quasi-Einstein manifold with boun-
dary, constant scalar curvature and zero radial Weyl curvature. If
|R˚ic|2 < R
2
n(n− 1) ,
then (Mn, g) is isometric, up to scaling, to the hemisphere (Sn+, g) given by Example 1.
Finally, taking into account that the Weyl tensor vanishes in dimension three, we imme-
diately deduce the following result.
Corollary 2. Let
(
M3, g, u, λ
)
be a compact m-quasi-Einstein manifold with boundary and
constant scalar curvature. Suppose that
|R˚ic|2 < R
2
6
.
Then (M3, g) is isometric, up to scaling, to the hemisphere (S3+, g) given by Example 1.
2. Preliminaries
In this section, we will present some key lemmas that will be useful for the establishment
of the desired results. Firstly, we recall that the fundamental equation of a m-quasi-Einstein
manifold (Mn, g, u) (possibly with boundary) is given by
(2.1) ∇2u = u
m
(Ric− λg),
where u > 0 in interior of M and u = 0 on ∂M. In particular, taking the trace of (2.1) we
arrive at
(2.2) ∆u =
u
m
(R − λn).
This jointly with (2.1) gives
(2.3) u R˚ic = m∇˚2 u,
where T˚ = T − trT
n
g stands the traceless part of T.
It is important to remember that the Weyl tensor W is defined by the following decom-
position formula
Rijkl = Wijkl +
1
n− 2
(
Rikgjl +Rjlgik −Rilgjk −Rjkgil
)
− R
(n− 1)(n− 2)
(
gjlgik − gilgjk
)
,(2.4)
where Rijkl denotes the Riemann curvature tensor whereas the Cotton tensor is defined by
Cijk = ∇iRjk −∇jRik − 1
2(n− 1)
(∇iRgjk −∇jRgik).(2.5)
An important relation between Weyl and Cotton tensors is given by
(2.6) Cijk = − (n− 2)
(n− 3)∇lWijkl ,
for n ≥ 4. Moreover, it is easy to see that
(2.7) Cijk = −Cjik and Cijk + Cjki + Ckij = 0.
In particular, we have
(2.8) gijCijk = g
ikCijk = g
jkCijk = 0.
Now we going to present some lemmas that play crucial role in this paper. In our first
lemma we follow the ideas of Lemma 1 of [6] for critical metrics of the volume functional.
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This lemma was also proved by He, Petersen and Wylie with a different notation (see
Proposition 6.2 of [15]).
Lemma 1. Let
(
Mn, g, u, λ
)
be a m-quasi-Einstein manifold. Then we have
u
(∇iRjk −∇jRik) = mRijkl∇lu+ λ(∇iugjk −∇jugik)− (∇iuRjk −∇juRik).
Proof. Rewriting the fundamental equation (2.1) in coordinates we get
m∇j∇ku = uRjk − λugjk.
From this we deduce
m∇i∇j∇ku = ∇iuRjk + u∇iRjk − λ∇iugjk,
which can rewrite succinctly as
u∇iRjk = m∇i∇j∇ku−∇iuRjk + λ∇iugjk.(2.9)
Similarly, it is not difficult to show that
u∇jRik = m∇j∇i∇ku−∇juRik + λ∇jugik.(2.10)
Now we combine (2.9) and (2.10) jointly with Ricci identity in order to deduce
u
(∇iRjk −∇jRik) = mRijkl∇lu+ λ(∇iugjk −∇jugik)− (∇iuRjk −∇juRik),
which finishes the proof of the lemma. 
Before to state our next lemma, we introduce the T -tensor form-quasi-Einstein manifolds.
It was defined previously in [20].
Tijk =
m+ n− 2
n− 2 (Rik∇ju−Rjk∇iu) +
m
n− 2(Rjl∇lugik −Ril∇lugjk)
+
(n− 1)(n− 2)λ+mR
(n− 1)(n− 2) (∇iugjk −∇jugik)−
u
2(n− 1)(∇iRgjk −∇jRgik).(2.11)
With this notation we have the following lemma.
Lemma 2. Let
(
Mn, g, u, λ
)
be a m-quasi-Einstein manifold. Then
uCijk = mWijkl∇lu+ Tijk,
where T is given by (2.11).
Proof. Combining Eq. (2.5) with Lemma 1 we obtain
uCijk = u
(∇iRjk −∇jRik)− u
2(n− 1)(∇iRgjk −∇jRgik)
= mRijkl∇lu+ λ
(∇iugjk −∇jugik)− (∇iuRjk −∇juRik)(2.12)
− u
2(n− 1)(∇iRgjk −∇jRgik).
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Substituting (2.4) into (2.12) we get
uCijk = mWijkl∇lu+ m
n− 2
(
Rikgjl +Rjlgik −Rilgjk −Rjkgil
)∇lu
− mR
(n− 1)(n− 2)
(
gjlgik − gilgjk
)∇lu+ λ(∇iugjk −∇jugik)
−(∇iuRjk −∇juRik)− u
2(n− 1)(∇iRgjk −∇jRgik)
= mWijkl∇lu+ m
n− 2
(
Rik∇ju−Rjk∇iu
)
+
m
n− 2
(
Rjl∇lugik −Ril∇lugjk
)
− mR
(n− 1)(n− 2)
(
gik∇ju− gjk∇iu
)
+ λ
(∇iugjk −∇jugik)
−(∇iuRjk −∇juRik)− u
2(n− 1)(∇iRgjk −∇jRgik)
= mWijkl∇lu+ m+ n− 2
n− 2 (Rik∇ju−Rjk∇iu
)
+
m
n− 2
(
Rjl∇lugik −Ril∇lugjk
)
+
(n− 1)(n− 2)λ+mR
(n− 1)(n− 2)
(∇iugjk −∇jugik)− u
2(n− 1)(∇iRgjk −∇jRgik)
= mWijkl∇lu+ Tijk.
This finishes the proof of the lemma. 
It should be point out that the tensor T has the same properties of the Cotton tensor,
i.e., (2.7) and (2.8). Next, we going to compute the norm of the Cotton tensor.
Lemma 3. Let
(
Mn, g, u, λ
)
be a m-quasi-Einstein manifold. Then we have
u|C|2 = −2(m+ n− 2)
n− 2 CijkR˚jk∇iu+mCijkWijkl∇lu.
Proof. Initially, it follows by (2.7) and (2.8) that
−CijkR˚jk∇iu = −CijkRjk∇iu
= −1
2
(
Cijk − Cjik
)
Rjk∇iu
= −1
2
CijkRjk∇iu+ 1
2
CijkRik∇ju
=
1
2
Cijk
(
Rik∇ju−Rjk∇iu
)
.
This combined with (2.11) provides
−CijkR˚jk∇iu = n− 2
2(m+ n− 2)CijkTijk,(2.13)
where we used again the fact that the Cotton tensor is trace-free. Thus, by combining
Lemma 2 with (2.13) we arrive at
−CijkR˚jk∇iu = n− 2
2(m+ n− 2)Cijk (uCijk −mWijkl∇lu)
=
n− 2
2(m+ n− 2)
(
u|C|2 −mCijkWijkl∇lu
)
.
Consequently,
u|C|2 = −2(m+ n− 2)
n− 2 CijkR˚jk∇iu+mCijkWijkl∇lu,
as we wanted to prove. 
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Our next lemma provides a commutator formula for the Laplacian and Hessian acting on
functions h ∈ C4(M). A detailed proof can be found in [24, Proposition 7.1] (see also [9]).
Lemma 4. Let (Mn, g) be a Riamannian manifold and h ∈ C4(M). Then we have
(∆∇2h)ij = ∇2ij∆h+ (Rjpgik +Ripgjk − 2Rikjp)∇k∇ph
+ (∇iRjp +∇jRpi −∇pRij)∇ph,
where ∇2 represents the Hessian.
We shall use Lemma 4 to obtain the following result that will be used in the proof of
Theorem 3.
Lemma 5. Let
(
Mn, g, u, λ
)
be a m-quasi-Einstein manifold. Then it holds
u〈∆R˚ic, R˚ic〉 = 2Ru
n
|R˚ic|2 + u〈∇2R, R˚ic〉+ 2(n+m)
n
R˚ic(∇u,∇R) + 2m∇iR˚jpR˚ij∇pu
+2u
(
R˚ipR˚kpR˚ik −RikjpR˚ijR˚kp
)
− m+ 2
2
〈∇|R˚ic|2,∇u〉.
Proof. Computing the Laplacian of (2.3) we infer
m
(
∆∇˚2u)
ij
= ∆uR˚ij + u(∆R˚ic)ij + 2∇kR˚ij∇ku.(2.14)
Hence, we use (2.14) and (2.2) to obtain
u〈∆R˚ic, R˚ic〉 = u(∆R˚ic)ijR˚ij
=
[
m
(
∆∇˚2u)
ij
−∆uR˚ij − 2∇kR˚ij∇ku
]
R˚ij
= m
(
(∆∇2u)ij − ∆(∆u)
n
gij
)
R˚ij − u
m
(
R− nλ)|R˚ic|2 − 2∇kR˚ijR˚ij∇ku
= m(∆∇2u)ijR˚ij − u
m
(
R − nλ)|R˚ic|2 − 〈∇|R˚ic|2,∇u〉.(2.15)
From Lemma 4 and by (2.2) we have
(∆∇2u)ijR˚ij =
[∇2ij∆u+ (Rjpgik +Ripgjk − 2Rikjp)∇k∇pu
+ (∇iRjp +∇jRpi −∇pRij)∇pu] R˚ij
=
1
m
[(R − nλ)∇i∇ju+ u∇i∇jR+∇iu∇jR +∇ju∇iR] R˚ij
+(RjpR˚jk +RipR˚ki − 2RikjpR˚ij)∇k∇pu
+
(∇iRjpR˚ij +∇jRpiR˚ij −∇pRijR˚ij)∇pu
=
R− nλ
m
〈∇2u, R˚ic〉+ u
m
〈∇2R, R˚ic〉+ 2
m
R˚ic(∇u,∇R)
+2(RipR˚ik −RikjpR˚ij)∇k∇pu+ 2∇iRjpR˚ij∇pu−∇pR˚ijR˚ij∇pu.
Substituting (2.1) into the above expression we get
(∆∇2u)ijR˚ij = (R− nλ)u
m2
〈Ric− λg, R˚ic〉+ u
m
〈∇2R, R˚ic〉+ 2
m
R˚ic(∇u,∇R)
+
2u
m
(RipR˚ik −RikjpR˚ij)(Rkp − λgkp) + 2∇iRjpR˚ij∇pu− 1
2
〈∇|R˚ic|2,∇u〉
=
(R− nλ)u
m2
|R˚ic|2 + u
m
〈∇2R, R˚ic〉+ 2
m
R˚ic(∇u,∇R)
+
2u
m
(RipRkpR˚ik −RikjpR˚ijRkp) + 2∇iRjpR˚ij∇pu− 1
2
〈∇|R˚ic|2,∇u〉.
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Since R˚ij = Rij − R
n
gij we deduce
(∆∇2u)ijR˚ij = (R− nλ)u
m2
|R˚ic|2 + u
m
〈∇2R, R˚ic〉+ 2
m
R˚ic(∇u,∇R)
+
2u
m
[
(R˚ip +
R
n
gip)(R˚kp +
R
n
gkp)R˚ik −RikjpR˚ijR˚kp − R
n
RijR˚ij
]
+2∇iR˚jpR˚ij∇pu+ 2
n
R˚ij∇iR∇ju− 1
2
〈∇|R˚ic|2,∇u〉
=
(R− nλ)u
m2
|R˚ic|2 + u
m
〈∇2R, R˚ic〉+ 2
m
R˚ic(∇u,∇R)
+
2u
m
[
R˚ipR˚kpR˚ik +
2R
n
|R˚ic|2 −RikjpR˚ijR˚kp − R
n
|R˚ic|2
]
+2∇iR˚jpR˚ij∇pu+ 2
n
R˚ic(∇R,∇u)− 1
2
〈∇|R˚ic|2,∇u〉
=
[(n+ 2m)R− n2λ]u
nm2
|R˚ic|2 + u
m
〈∇2R, R˚ic〉+ 2(n+m)
nm
R˚ic(∇u,∇R)
+
2u
m
(
R˚ipR˚kpR˚ik −RikjpR˚ijR˚kp
)
+ 2∇iR˚jpR˚ij∇pu− 1
2
〈∇|R˚ic|2,∇u〉.
Using this last expression into (2.15) yields
u〈∆R˚ic, R˚ic〉 = [(n+ 2m)R− n
2λ]u
nm
|R˚ic|2 + u〈∇2R, R˚ic〉+ 2(n+m)
n
R˚ic(∇u,∇R)
+2u
(
R˚ipR˚kpR˚ik −RikjpR˚ijR˚kp
)
+ 2m∇iR˚jpR˚ij∇pu
−m
2
〈∇|R˚ic|2,∇u〉 − u
m
(
R− nλ)|R˚ic|2 − 〈∇|R˚ic|2,∇u〉
=
2Ru
n
|R˚ic|2 + u〈∇2R, R˚ic〉+ 2(n+m)
n
R˚ic(∇u,∇R) + 2m∇iR˚jpR˚ij∇pu
+2u
(
R˚ipR˚kpR˚ik −RikjpR˚ijR˚kp
)
− m+ 2
2
〈∇|R˚ic|2,∇u〉.
So, the proof is finished.

3. The boundary of a quasi-Einstein manifold
In this section we will study a compact m-quasi-Einstein manifold with no empty bound-
ary. To begin with, we remember that u > 0 in the interior of Mn and u = 0 on the
boundary ∂M. Thus, N = − ∇u|∇u| is the outward unit vector. Besides, on the boundary, we
already know that
(3.1) ∇2u = 0.
Next, for any X ∈ X(∂M), we have
X(|∇u|2) = 2〈∇X∇u,∇u〉 = 2∇2u(X,∇u) = 0.
Therefore, |∇u| 6= 0 is constant along ∂M (for more details, see Propositions 2.2 and 2.3
of [15]). From now on, we consider an orthonormal frame {e1, . . . , en−1, en = − ∇u|∇u|}. Thus
from (3.1) the second fundamental form at ∂M is given by
hij = 〈∇eiN, ej〉 = −
1
|∇u|∇i∇ju = 0,(3.2)
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for any 1 ≤ i, j ≤ n− 1. Hence, ∂M with induced metric is totally geodesic. In particular,
by Gauss equation
(
R∂Mijkl = Rijkl − hilhjk + hikhjl
)
we immediately infer
R∂Mijkl = Rijkl ,(3.3)
R∂Mik = Rik −Rinkn(3.4)
and
R∂M = R− 2Rnn.(3.5)
Before to show our next lemmas we remember a well-known result that will be useful in
this paper.
Lemma 6. Let H be a (0, 2)-tensor on a Riemannian manifold (Mn, g) then
div(H(ϕZ)) = ϕ(divH)(Z) + ϕ〈∇Z,H〉+H(∇ϕ,Z),
for all Z ∈ X(M) and any smooth function ϕ on M.
Another fact that we will useful is a combination between twice-contracted second Bianchi
identity and the traceless Ricci tensor given by
(3.6) divR˚ic =
n− 2
2n
∇R.
Now, we are ready to state our next lemma.
Lemma 7. Let
(
Mn, g, u, λ
)
be a compact, oriented m-quasi-Einstein manifold with con-
nected boundary. Then we have
1
m
∫
M
u|R˚ic|2dM = − 1
κ
∫
∂M
R˚ic(∇u,∇u)dS − (n− 2)
2n
∫
M
〈∇R,∇u〉dM,
where κ = |∇u||∂M .
Proof. Firstly, we choose H = R˚ic, Z = ∇u and ϕ = 1 in Lemma 7 and we combine with
Eqs. (2.1) and (3.6) to obtain
div(R˚ic(∇u)) = (divR˚ic)(∇u) + 〈R˚ic,∇2u〉
=
(n− 2)
2n
〈∇R,∇u〉+ 〈R˚ic, u
m
[R˚ic+ (
R
n
− λ)g]〉
=
(n− 2)
2n
〈∇R,∇u〉+ u
m
|R˚ic|2.
Integrating this expression over M and using Stokes’ formula we deduce
1
m
∫
M
u|R˚ic|2dM =
∫
M
div(R˚ic(∇u))dM − (n− 2)
2n
∫
M
〈∇R,∇u〉dM
=
∫
∂M
〈R˚ic(∇u), N〉dS − (n− 2)
2n
∫
M
〈∇R,∇u〉dM
= − 1|∇u| |∂M
∫
∂M
R˚ic(∇u,∇u)dS − (n− 2)
2n
∫
M
〈∇R,∇u〉dM.
This finishes the proof of the lemma. 
The next lemma gives an expression for the integral of the scalar curvature on the boun-
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Lemma 8. Let
(
Mn, g, u, λ
)
be a compact, oriented m-quasi-Einstein manifold with con-
nected boundary. Then we have∫
∂M
R∂MdS =
2
mκ
∫
M
u|R˚ic|2dM − n− 2
nκ
∫
M
R∆udM,
where κ = |∇u||∂M is a constant.
Proof. It is not difficult to check from (3.5) that
R˚ic(N,N) = Rnn − R
n
and therefore, we have
1
κ2
R˚ic(∇u,∇u) = R−R
∂M
2
− R
n
,
so that
R˚ic(∇u,∇u) = κ2
(
n− 2
2n
R− R
∂M
2
)
.(3.7)
Replacing (3.7) into Lemma 7 we obtain
1
m
∫
M
u|R˚ic|2dM = −κ
∫
∂M
(
n− 2
2n
R− R
∂M
2
)
dS − n− 2
2n
∫
M
〈∇R,∇u〉dM,
Rearranging this expression and using Stokes’ formula we have
κ
2
∫
∂M
R∂MdS =
1
m
∫
M
u|R˚ic|2dM + (n− 2)κ
2n
∫
∂M
RdS
+
n− 2
2n
(∫
∂M
R〈∇u,N〉dS −
∫
M
R∆udM
)
=
1
m
∫
M
u|R˚ic|2dM + (n− 2)κ
2n
∫
∂M
RdS
− (n− 2)κ
2n
∫
∂M
RdS − n− 2
2n
∫
M
R∆udM
=
1
m
∫
M
u|R˚ic|2dM − n− 2
2n
∫
M
R∆udM,
as we wanted to prove. 
To finish this section we going to compute the Euler characteristic of the boundary ∂M of
a 5-dimensional compact quasi-Einstein manifold (M5, g, u, λ). Similar result was obtained
previously for V -static spaces in [4].
Proposition 1. Let (M5, g, u, λ) be a compact quasi-Einstein whose the boundary is a
connected Einstein manifold. Suppose that the scalar curvature satisfies R ≤ 5λ. Then it
holds
(3.8) 8pi2χ(∂M) ≥ 3
200
R2min|∂M |.
Moreover, the equality holds if and only if (M5, g) is isometric, up to scaling, to S5+.
Proof. Since R ≤ 5λ we infer that ∆u = u
m
(R−5λ) ≤ 0. Taking into account that the scalar
curvature is positive, we have Rmin∆u ≥ R∆u. Therefore, it follows that∫
M
R∆udM ≤ Rmin
∫
M
∆udM = Rmin
∫
∂M
〈∇u,N〉dS
= −κRmin|∂M |.
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Combining this with Lemma 8 we obtain∫
∂M
R∂MdS ≥ 2
mκ
∫
M
u|R˚ic|2dM + 3
5
Rmin|∂M |
≥ 3
5
Rmin|∂M |.
This jointly with the Ho¨lder-inequality we infer
9
25
R2min|∂M |2 ≤
( ∫
∂M
R∂MdS
)2
≤
∫
∂M
(R∂M )2dS|∂M |.(3.9)
Now, by using the Gauss-Bonnet-Chern’s formula and the fact that the boundary of M is
an Einstein manifold we deduce
8pi2χ(∂M) =
1
4
∫
∂M
|W ∂M |2dS + 1
24
∫
∂M
(R∂M )2dS
≥ 3
200
R2min|∂M |.(3.10)
Finaly, the equality holds in (3.10) if and only if the equality also holds in (3.9). This implies
that (M5, g) is an Einstein manifold and therefore, the result follows by Proposition 2.4 of
[15]. So, the proof is finished. 
4. Proof of the main results
4.1. Proof of Theorem 1.
Proof. The first part of the proof is standard, and it follows the same steps of Theorem 1.5
of [8] (see also Theorem 2 in [9]). We include it here for sake of completeness. Initially, we
have
Ric∂M (V, V ) ≥ R
∂M
n− 1g∂M (V, V )
=
R∂M
n− 1 ,
where V ∈ T∂M with |V |g = 1. Since inf∂M R∂M > 0 there is a δ > 0 such that
R(∂M, g∂M) = inf
{
Ric∂M (V, V )/V ∈ T∂M, |V |g = 1
}
= (n− 2)δ.
Therefore, we have
Ric∂M ≥ (n− 2)δg∂M
and consequently, by Bonnet-Myers Theorem we arrive at
diamg∂M (∂M) ≤
pi√
δ
.
Now, by Bishop-Gromov Theorem it follows that
|Bρ(p)| ≤ |Bδρ(p)|,
with ρ ≤ pi√
δ
, p ∈ ∂M and |Bδρ(p)| denotes the volume of a ball in a sphere Sn−1 with the
metric gδ = δ
−1gcan and radius ρ. In particular, we infer
|B pi√
δ
(p)| ≤ |Sn−1|gδ .(4.1)
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Taking into account that |Sn−1|gδ = δ
−
(n− 1)
2 ωn−1 and (4.1) we obtain
|∂M | ≤ |B pi√
δ
(p)|
≤ |Sn−1|gδ
= δ
−
(n− 1)
2 ωn−1,
which we can rewrite succinctly as
(
ωn−1
) 2
n− 1 ≥ |∂M |
2
n− 1 δ.(4.2)
Since ∂M is compact, there exists X ∈ T∂M of unit norm and such that
(n− 2)δ = R(∂M, g∂M )
= Ric∂M (X,X).(4.3)
Notice also that
Ric∂M ≥ R
∂M
n− 1g∂M .(4.4)
Hence, combining (4.3) and (4.4) implies
(n− 2)δ ≥ R
∂M
n− 1 ,
consequently,
δ ≥ R
∂M
(n− 1)(n− 2) .(4.5)
Thus, substituting (4.5) into (4.2) we arrive at
(
ωn−1
) 2
n− 1 ≥ |∂M |
2
n− 1 R∂M
(n− 1)(n− 2) .
Thus, we have
(n− 1)(n− 2)(ωn−1) 2n−1 ≥ R∂M |∂M | 2n−1 .
Next, upon integrating this expression over ∂M we obtain
(n− 1)(n− 2)(ωn−1) 2n−1 |∂M | ≥ |∂M | 2n−1
∫
∂M
R∂MdS,
so that
(n− 1)(n− 2)(ωn−1) 2n−1 |∂M |
n−3
n−1 ≥
∫
∂M
R∂MdS.
Now, it suffices to invoke Lemma 8 to infer
(4.6) (n− 1)(n− 2)(ωn−1) 2n−1 |∂M |
n−3
n−1 ≥ 2
mκ
∫
M
u|R˚ic|2dM − n− 2
nκ
∫
M
R∆udM.
Proceeding, using that R ≤ nλ, we obtain ∆u = u
m
(R− nλ) ≤ 0. Therefore, we deduce
Rmin∆u ≥ R∆u
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(we remark that in general R ≥ n(n−1)
m+n−1λ, see Remark 5.1 of [15]). Thus, we obtain∫
M
R∆udM ≤ Rmin
∫
M
∆udM = Rmin
∫
∂M
〈∇u,N〉dS
= −κRmin|∂M |.(4.7)
Replacing (4.7) into (4.6) we deduce
(n− 1)(n− 2)(ωn−1) 2n−1 |∂M |
n−3
n−1 ≥ 2
mκ
∫
M
u|R˚ic|2dM + n− 2
n
Rmin|∂M |
≥ n− 2
n
Rmin|∂M |.(4.8)
This can be rewrite as follows
(4.9) |∂M | ≤ ωn−1
(
n(n− 1)
Rmin
)n−1
2
.
Finally, the equality holds in (4.9) if and only if the equality holds in (4.8) and this therefore
implies R˚ic = 0, that is, (M, g) is an Einstein manifold. So, it suffices to apply Proposition
2.4 of [16] to conclude that (M, g) is the hemisphere Sn+. This finishes the proof of the
theorem. 
4.2. Proof of Theorem 2.
Proof. Since R ≤ 3λ, then ∆u = u
m
(R − 3λ) ≤ 0. Therefore, we obtain Rmin∆u ≥ R∆u.
Thus, it follows that∫
M
R∆udM ≤ Rmin
∫
M
∆udM = Rmin
∫
∂M
〈∇u,N〉dS
= −κRmin|∂M |.
Combining this with Lemma 8 we infer
(4.10)
∫
∂M
R∂MdS ≥ 2
mκ
∫
M
u|R˚ic|2dM + Rmin
3
|∂M |.
We remember that in dimension three we have R∂M = 2K, where K is the Gaussian
curvature of ∂M. Therefore, by (4.10) we obtain
2
∫
∂M
KdS ≥ 2
mκ
∫
M
u|R˚ic|2dM + Rmin
3
|∂M |
and hence, we deduce
(4.11)
∫
∂M
KdS ≥ Rmin
6
|∂M | > 0
Next, by Gauss-Bonnet’s Theorem we conclude that ∂M is a 2-sphere and thus∫
∂M
KdS = 4pi.
Finally, by (4.11) we arrive at
(4.12) |∂M | ≤ 24pi
Rmin
.
Moreover, the equality holds if and only if the equality holds in (4.11). In this case, (M3, g)
is an Einstein manifold and by Proposition 2.4 of [16], (M3, g) must be isometric to S3+, as
asserted. 
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4.3. Proof of Theorem 3.
Proof. To begin with, notice that
1
2
div
(
u∇|R˚ic|2) = 1
2
∇k
(
u∇k(R˚ij)2
)
= ∇k(uR˚ij∇kR˚ij)
= ∇kR˚ijR˚ij∇ku+ u∇kR˚ij∇kR˚ij + uR˚ij∇k∇kR˚ij
=
1
2
〈∇|R˚ic|2,∇u〉+ u〈∆R˚ic, R˚ic〉+ u|∇R˚ic|2.
This jointly with Lemma 5 we deduce
1
2
div
(
u∇|R˚ic|2) = 1
2
〈∇|R˚ic|2,∇u〉+ u|∇R˚ic|2 + 2Ru
n
|R˚ic|2 + u〈∇2R, R˚ic〉
+
2(n+m)
n
R˚ic(∇u,∇R) + 2m∇iR˚jpR˚ij∇pu− m+ 2
2
〈∇|R˚ic|2,∇u〉
+2uR˚ipR˚kpR˚ik − 2uRikjpR˚ijR˚kp
= u|∇R˚ic|2 + 2Ru
n
|R˚ic|2 + u〈∇2R, R˚ic〉+ 2(n+m)
n
R˚ic(∇u,∇R)
+2m∇iR˚jpR˚ij∇pu− m+ 1
2
〈∇|R˚ic|2,∇u〉+ 2uR˚ipR˚kpR˚ik
−2uRikjpR˚ijR˚kp(4.13)
On the other hand, by (2.5) and the fact that the Cotton tensor is skew-symmetric in the
first two indices we infer
∇iR˚jpR˚ij∇pu =
(
∇iRjp − 1
n
∇iRgjp
)
R˚ij∇pu
=
(
Cipj +∇pRij + 1
2(n− 1)(∇iRgpj −∇pRgij)
)
R˚ij∇pu− 1
n
R˚ic(∇R,∇u)
= CipjR˚ij∇pu+∇pRijR˚ij∇pu+ 1
2(n− 1) R˚ic(∇R,∇u)−
1
n
R˚ic(∇R,∇u)
= −CpijR˚ij∇pu+ 1
2
〈∇|R˚ic|2,∇u〉 − n− 2
2n(n− 1) R˚ic(∇R,∇u).
This combined with Lemma 3 yields
∇iR˚jpR˚ij∇pu = (n− 2)u
2(m+ n− 2) |C|
2 − m(n− 2)
2(m+ n− 2)CijkWijkl∇lu
+
1
2
〈∇|R˚ic|2,∇u〉 − n− 2
2n(n− 1) R˚ic(∇R,∇u).(4.14)
Proceeding, it follows from (2.4) that
RikjpR˚ijR˚kp = WikjpR˚ijR˚kp +
1
n− 2(Rijgkp +Rkpgij −Ripgkj −Rkjgip)R˚ijR˚pk
− R
(n− 1)(n− 2)(gkpgij − gipgkj)R˚ijR˚kp
= WikjpR˚ijR˚kp − 2
n− 2RipR˚ijR˚pj +
R
(n− 1)(n− 2) |R˚ic|
2
= WikjpR˚ijR˚kp − 2
n− 2 R˚ipR˚ijR˚pj −
2R
n(n− 2) |R˚ic|
2 +
R
(n− 1)(n− 2) |R˚ic|
2
= WikjpR˚ijR˚kp − 2
n− 2 R˚ipR˚ijR˚pj −
R
n(n− 1) |R˚ic|
2.(4.15)
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Replacing (4.14) and (4.15) into (4.13) we obtain
1
2
div
(
u∇|R˚ic|2) = u|∇R˚ic|2 + 2Ru
n
|R˚ic|2 + u〈∇2R, R˚ic〉+ 2(n+m)
n
R˚ic(∇u,∇R)
+
m(n− 2)u
m+ n− 2 |C|
2 − m
2(n− 2)
m+ n− 2CijkWijkl∇lu+m〈∇|R˚ic|
2,∇u〉
−m(n− 2)
n(n− 1) R˚ic(∇R,∇u)−
m+ 1
2
〈∇|R˚ic|2,∇u〉+ 2uR˚ipR˚kpR˚ik
−2uWikjpR˚ijR˚kp + 4u
n− 2 R˚ipR˚ijR˚pj +
2Ru
n(n− 1) |R˚ic|
2
= u|∇R˚ic|2 + m(n− 2)u
m+ n− 2 |C|
2 + u〈∇2R, R˚ic〉+ m+ 2n− 2
n− 1 R˚ic(∇u,∇R)
+
m− 1
2
〈∇|R˚ic|2,∇u〉+ 2Ru
n− 1 |R˚ic|
2 +
2nu
n− 2 R˚ipR˚ijR˚pj
−2uWikjpR˚ijR˚kp − m
2(n− 2)
m+ n− 2CijkWijkl∇lu,
which finishes the proof of the theorem. 
4.4. Proof of Corollary 1.
Proof. Initially, taking into account that Mn has constant scalar curvature and zero radial
Weyl curvature, we may use Theorem 3 to infer
1
2
div
(
u∇|R˚ic|2) = u|∇R˚ic|2 + m(n− 2)u
m+ n− 2 |C|
2 +
m− 1
2
〈∇|R˚ic|2,∇u〉
+
2Ru
n− 1 |R˚ic|
2 +
2nu
n− 2tr(R˚ic
3
)− 2uWikjpR˚ijR˚kp.(4.16)
On the other hand, we use Eqs. (2.3) and (2.6) and that Mn has zero radial Weyl
curvature in order to obtain
uWijklR˚ikR˚jl = mWijklR˚ik(∇j∇lu− ∆u
n
gjl)
= m∇j(WijklR˚ik∇lu)−m∇jWijkl∇luR˚ik −mWijkl∇jR˚ik∇lu
=
m(n− 3)
n− 2 Ckli∇luR˚ik
=
m(n− 3)
2(n− 2) (CkliRik∇lu+ ClkiRil∇ku)
=
m(n− 3)
2(n− 2) Ckli(Rik∇lu−Ril∇ku),
where we used that the Cotton tensor is trace-free. Combining this expression with Lemma
2 and (2.11) we deduce
uWijklR˚ikR˚jl =
m(n− 3)
2(m+ n− 2)CkliTkli
=
m(n− 3)u
2(m+ n− 2) |C|
2.(4.17)
Proceeding, since R is constant, we can invoke Proposition 3.3 of [16] (see also Lemma
3.2 of [12]) to deduce
|R˚ic|2 = −m+ n− 1
n(m− 1) (R− nλ)
(
R− n(n− 1)
m+ n− 1λ
)
.
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In particular, |R˚ic|2 is also constant. Thus, substituting (4.17) into (4.16) and using that
|R˚ic|2 is constant we get
0 = u|∇R˚ic|2 + m(n− 2)u
m+ n− 2 |C|
2 +
2Ru
n− 1 |R˚ic|
2
+
2nu
n− 2tr(R˚ic
3
)− m(n− 3)u
m+ n− 2 |C|
2
= u|∇R˚ic|2 + mu
m+ n− 2 |C|
2 +
2Ru
n− 1 |R˚ic|
2 +
2nu
n− 2tr(R˚ic
3
).(4.18)
From the Okumura’s Lemma (see Lemma 2.1 [18]) we obtain
trace(R˚ic
3
) ≥ − n− 2√
n(n− 1) |R˚ic|
3.
Replacing this into (4.18) we get
0 ≥ u|∇R˚ic|2 + mu
m+ n− 2 |C|
2 +
2Ru
n− 1 |R˚ic|
2 − 2nu√
n(n− 1) |R˚ic|
3
≥ u|∇R˚ic|2 + mu
m+ n− 2 |C|
2 +
2n√
n(n− 1)
(
R√
n(n− 1) − |R˚ic|
)
u|R˚ic|2.(4.19)
Finally, as R is positive and using that |R˚ic|2 < R2
n(n−1) in (4.19), we conclude that R˚ic = 0
and therefore, (Mn, g) is an Einstein manifold. Now, it suffices to apply Proposition 2.4 of
[16] to conclude that (Mn, g) is isometric to the hemisphere Sn+. So, the proof is finished. 
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